MOMENTUM PRINCIPLE

1. The Momentum Equation for Cartesian Coordinates

X—direction: ZFX a prdQ+CZS:(mV)outx _Z(mv)inx

CS

Y-direction: D F = dt Yde+Z(mV)ouw Z(mV).nY

Z-direction: 2. F =EIVZPO|Q +2(MV) gz =2 (MV)

2. The pressure rise across a wave produced in a pipe (Water Hammer'

3. Momentum - of - Momentum Equation

_ % [(rxv)pdQ + 31 x (M) o ~3 1 x (M),

17/05/2009 Dr. Munzer Ebaid 1



Problem 6.3

Situation: A water jet 15 filing a tank. The tank mass 15 5 kg.
The tank contains 20 hiters of water. /
Data for the jet: d =30 mm, v =15 m/s, T = 15 °C.

Find: (a) Force on the bottom of the tank: NV .

(b) Force acting on the stop block: F b|o?;i\ \700
Properties: Water-Table A.5: o = 999kg/ m? + = 9800 N/ m®.

Assumptions: Steady flow.

APPROACH I

Apply the momentum principle 1n the x-cirection and 1n the y-direction.

| ANALYSIS I

Force and momentum diagrams
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Problem 6.3

Momentum principle (z-direction) y-direction
zFa: = Zﬁlavm - Z mivim Z Fy = Zﬁlng - z'miviy
F = —(—mweosT0°%) N—-W = —(—mvsinT0%)
= pAv? cos T0° N = W+ pAvtsin70°
Calculations Calculations:
2 m X 0032 9 W = H"tank + ['I':‘.MH
pAv = (999) ( o Al = (5)(9.81) + (0.02)(9800)
= 1589N = 2451N
F = (1589 N)(cos70%) N = W+ pdv*sin 70°
— 543N = (2451 N)+ (1589 N)sin 70°
F = 543N acting to right N =149 N acting upward
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P b I 6 6 Situation: Horizontal round jet strikes a plate.
ro I I l . Water at 70°F, p = 1.94 slug/ft*, Q@ = 2 cfs.
Horzontal component of force to hold plate stationary: F, = 200 bt

t

R Find: Speed of water jet: vy

[ APPROACH |

Apply the momentum principle to a control volume surrounding the plate.

A e - =
° — ANALYSIS
r / ) Force and momentum diagrams
V

w :
X -q—l mv,
i :
. |
- ™
(L] !
N !

Momentum principle (z-direction)

ZFm = —rhvls

Fa
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Problem 6.5

17/05/2009

Situation: A design contest features a submarine powered by a water jet.
Speed of the sub is V,, = 1.5hm/s.

Inlet diameter 15 [y — 25 mm. Nozzle diameter 1s o — 5 mm.
Hydrodynamic drag force (Fp) can be caleulated using

172
Fp=Cp (%) A,

Coefficient of drag is Cp = 0.3 Projected area is A, = 0 28 m?.

Find: Speed of the fluid jet {1].).
Properties: Water—Table A 5- o = 999kg,/ m?

Azsumptions: Assume steady flow zo that the accumulation of momentum term 1s
zero.

[ APPROACH |

The speed of the fluid jet can be found from the momentum principle because the
drag force will balance with the net rate of momentum outflow.

ANALYSIS

Momentum equation. Select a control volume that surrounds the sub. Select a
reference frame located on the submarine. Let section 1 be the outlet {water jet)
and section 2 be the inlet. The momentum equation is

SF = D eve— > riuw
fe) &5

FDraz = 7itavs — ¥l VUis
By continuity, rivy = e = pdj.Vja. The outlet velocity 1s vo = Vj. The x-
component of the inlet velocity 18 viz = V.un. The momentum equation simplifies

to



FDrng — Pfiljcilgn [1 51:1: — I;ub]
The drag force 13

FDmg

The momentum equation becomes

FDrng — .Iﬂ"_l]ﬂI _'}ct 1 _'Ec’: - E.;ub]
944N = (999kg/ m’) (1.96 x 107" m*) Vi, [Viey — (L5 m/5)]

Solving for the jet speed gives
Viee =T02m/ s

COMMENTS

1. The jet speed (70.2 m/s) 15 above 150 mph. This present a safety 1ssue. Also,
this would require a pump that can produce a large pressure rize.

2. It 13 recommended that the dezign be modified to produce a lower jet veloecity.
One way to accomplish this goal 12 to 1ncreaze the diameter of the jet.
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Problem 6.9

Situation: Water jet from a fire hoze on a boat.
Diameter of jet 15 d = 3 1n_, speed of Jet 15 " = 70 mph = 102.7 ft/s.

Vv
r\_/-\B"\./ﬂ_/—\::T\{EE\__fL,
Find: Tension in cable: T

Properties: Table A5 (water at 50 °F): p = 1.94slug/ ft”.
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| APPROACH I

Apply the momentum principle.

ANALYSIS

Force and momentum diagrams

Flow rate

m = pAV
(1.94slug/ £t°) (7 x (1.5/12t)%) (102.7ft/ s)
9. 78slug/ =

Momentum principle (z-direction)

Y F = mv,),
T ml cos 60°

T = (9.78slug/s)(102.7ft/ 5) co= 60°
= 502 21bf

T =502 1bf




Problem 6.20

Situation: A water jet 15 deflected by a fixed vane, i = 25 Ibm/s = 0.776 slug/s.

vy =20 ft/s
¥, —=
@ ~

T
O\

Find: Force of the water on the vane: F
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17/05/2(

|APPROACH |

Apply the Bernoulh equation, and then the momentum principle.

|ANALYSIS|

Force and momentum diagrams

Bernoulh equation

v =vg =v =20 ft/s

Momentum principle (z-direction)

Z F, = m, {ﬂﬂ)x — 1y {Ui}-’r
_F

> = muveos30 — muo
F, = mv(l—cos30) =0.7T76 > 20 % (1 — cos 30)
F, = 2.08 lbf to the left

y-direction

z By = i (t"”}y
—F, = m(—veosb0) = —0.776 = 20 % sin 30
F, = 7.76 Ibf downward

Since the torces acting on the vane represent a state of equilibrium, the tforce of water
on the vane 1s equal in magnitude & opposite in direction.

(2.08 Tbf)i+(7.76 Ihf)j




Problem 6.21

Situation: A water Jet strikes a block and the block 15 held in place by friction—
however, we do not know 1f the frictional force 1s large enough to prevent the block
trom shding.

vy =10 m/s, = 1kg/s, x =01 mass of block: m=1 kg

Find:
(a) Will the block shp?
(b) Force of the water jet on the block: F

Assumptions:

1.) Neglect weight of water.
2.) As the jet passes over the block (a) neglect elevation changes and (b) neglect
viscous forces.




| APPROACH I

Apply the Bernoulh equation, then the momentum principle.

ANALYSIS I

Force and momentum diagrams

Bernoull equation

vy =wv=v=10m/s

Momentum principle (z-direction)

Z F; Mg (ﬁﬂ]m —my (1}1‘?}9:
—F

fi muv cos 30 — mu

mu(l — coz 30)
1.0 % 10 % (1 — cos 30)
134 N
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y-direction

Mo (Vo)

(v sin 30)

mg + m(vsin 30)

1.0 981410 %10 x sin30
1481 N

Analyze friction:

e F: (required to prevent block from shpping) =134 N

e F: (maximum possible value) = uN =01 x 1481 =148 N

block will not shp

Equilibrium of forces acting on block gives

(Force of the water jet on the block)

—(Force needed to hold the block stationary)
—Fri+ (W= N)j




Problem 6.22

Situation: A water jet strikes a block and the block 1z held in place by friction
pw=01.
m = 1 kg/s, mass of block: m =1 kg

Q. .~
30

o T

Find: Maximum veloecity (v) such that the block will not shp.

Assumptions: Neglect weight of water.
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| APPROACH I

Apply the Bernoull equation, then the momentum principle.

ANALYSIS
Force and momentum diagrams
- s e
W I mv,
:A L. e
e T T e
w1y
Bernoulh equation
UV = Uy =V
Momentum principle (z-direction)
Z F, = Z MoVgzr — Z T Vi
—uN = -ri?v cos 30 — ni:.r
N = v (l —cos30)/u
y-direction
Z F, = Z MgUgy — Z 114 Usy
N-—-W = -m{t sin 30)
N = mg+ m(vsin30)
Combine previous two equations
mv (1 —ecos30) /u = mg + rr(vsin30)
v = mg/ mi(l/p—ecos30/n — sin30)]
v = 1x981/[1 = (1/0.1 —eco=30/0.1 — sin30}]

v=117Tm/s




Problem 6.24

Situation: 2D hqwid jet strikes a horizontal surface.
IU]. = Lr? = LTH = u

Find: Derive formulas for dy and ds as a function of b; and 6.

Assumptions: Force associated with shear stress 1s negligible; let the width of the jet
in the z-direction = w.
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| APPROACH I

Apply the continuity principle, then the momentum principle.
Continuity principle

?’511 = Th-g + ﬂ"l-g
pwbiv pwdav + pwdav
by

Force and momentum diagrams

Momentum prineiple (z-direction)

ZF.‘E Zmuva_zmivi

0 = (mav+me(—v)) —1ryvcosh

0 (pwd:wg — pwdgﬂg) — pwblt:g cos @
0 = Efg—t’fg —33112039

Combining x-momentum and continuity principle equations

d;‘; = dg-l—blc'l:lﬁﬂ
da = by —ds
doy = by(1 —cosf)/2

dg = bl(l —|—CDSI9),-"2




Problem 6.32

Situation: Flwd (density p, discharge (), and veloaity 17) flows through a 180° pipe
bend—additional details are provided in the problem statement.. Cross sectional
area of pipe 13 A

Find: Magmtude of force required at flanges to hold the bend 1n place.

Assumptions: Gage pressure 1s same at sections 1 and 2. Neglect gravity.
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11:11:'2 -

| APPROACH I

Apply the momentum principle.

ANALYSIS

Momentum principle (z-direction)

SF

p1A; + peds + F,

thus

Fm —
F, =

Correct choice 13 (d)

17/05/2009

_9pA — 2l
—2pA — 20QV




Problem 6.37

Find: Vertical component of force exerted by the anchor on the bend: F,

| APPROACH I

Apply the momentum prineiple.

Flow direction

Expansion joints to
eliminate force transfer

ANALYSIS between pipe and

Velocity caleulation

v = /A ®
314/(mx1x1) —
9.995 ft/sec

Momentum principle (y-direction)

P1
N F, = pQlvgy —vyy) — Bend anchor

Fo— Wiater = Whena — p2A2sin30° = pQ(vsin30° — vsin 0°) | |
F, = mx1lx1x4=x624+300
+85x 1dd xr 1l x1x05
+1.94 % 31.4 % (9.995 % 0.5 — 0)

F,, = 3310 Ibf]|




Problem 6.44

@ @ ‘.Vertical

10 m/s = ——

4=0.10 mZ/j T Ii

500 kg/s

Situation: Water flows through a tee——additional details are provided in the problem
statement.

Find: Pressure difference hetween =ectionz 1 and 2.
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| APPROACH I

Apply the continuity principle, then the momentum principle.

ANALYSIS

Continuity principle

my + 500 kg/s = 1
ny (10 m/s)(0.10 m*)(1000 l{gfm'?] = 1000 kg/=
1Mo 1000 + 500 = 1500 kg/s
v = () (pAs) = (1500)/((1000)(0 1)) = 15 m/s

Momentum principle (z-direction)

Y F. = riguag — i — Mava
1AL+ p2As maove — nv — 0
A(p1 — pa) (1500)(15) — (1000)(10)
P1— P2 (22,500 — 10.000),/0.10
125,000 Pa
125 kPa




Problem 6.49

Situation: Water flows through an unusual nozzle—additional details are provided 1n
the problem statement.

Find: Force at the flange to hold the nozzle in place: F
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APPROACH

Apply the momentum principle.

| APPROACH I

Apply the continuity principle, then the Bernoulli equation, and finally the momen-
tum principle.

| ANALYSIS I

Continumity principle

T";?JAP — Z ﬂj;"-lj
vp = 2 30x0.01/0.10
= 6.00 m/s

Bernoull equation

. f ,2 ! _ . / 2 s
Ppipe /7] + Lp,-"'gg = et /Y T t}.'i; "I_-:'g

Then

Py = (7/2g)(v] —v))
500(900 — 36)
— 432 000 Pa



Momentum principle (a-direction)

Ppdp + e = —Upptp Ay + UipUsA;
F, = —1000 x 6% x 0.10 = 1,000 % 30% x 0.01 — 432,000 x 0.1
Fr, = —37.800N

y-cdirection

Fy, = m(—w)=—uv;py;A
—30 x> 1000 = 30 = 0.01
—9000 N

z-direction
SE -0
—200—F+F, = 0

F. = 20049810 x 0.1 =04
592 N

Net force

F = (—37.8i — 9.0j + 0.59k) kN
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Problem 6.50

Situation: Water flows through a converging nozzle—additional details are provided
1n the problem statement.

[y

0] @

Find: Force at the flange to hold the nozzle in place: F
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| APPROACH I

Apply the Bernoullh equation to establish the pressure at section 1, and then apply
the momentum principle to find the force at the flange.

ANALYSIS

Continuity equation (select a control volume that surrounds the nozzle).

h==0Q= 15ft3f3

Flow rate equations

Q _4xQ _4x(15ft/s)

Ay =D} 7 (1ft)°
= 19.099 ft/s
Q 4xQ 4x(1547/s)
u = — = =
? Ay T 7D} T 7 (9/12ft)
= 33.953 ft/s
Bernoull equation
2 2
P, P
P+ 5 = P2+ 2
2 2
P] — D+ .Iﬂ(luEZ IU].)
1.94slng/ £t7(33.9532 — 19.099?) ft*/ s

2
= T764.4 Ibf/ft

Momentum prineiple (z-direction)

Ay + F = riwwg — 1y

=

V, -

!

9] @




<

Calculations

mA; = (T64.41bf/ ) (x/4)(11t)?

muve — vy

600.4 1bt

pQ (ve — v1)
(1.94slng/ ft7)(15£t% / 5) (33.953 — 19.098) ft/s

= 432 31bf

Substituting numerical values into the momentum equation

F =

—_’P]_A]_ + (Th-’i.-’g — ’.i".i'lti'l}
—600.41bf + 432, 3 1bf
—1658. 1 1bt

F =

—168 1bf (acts to left)




Problem 6.61

Jﬂ(g:OJOm%ﬂ

_ 3
(Q_O.SOm /S) V=20 m/s

V=30 m/s
Jet

- —>X

Jm(Q=osomWﬂ

Jet (V= 15 m/s) £SO

Situation: Liquid flows through a “black box"—additional details are provided n t
problem statement.
'|' 2

Find: Force required to hold the “black box” 1n place: F
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| APPROACH I f 2

Apply the continuity principle, then the momentum prineiple.

ANALYSIS

Continuity principle 4

@Q: = 06-0.10
= 0.50 meS

Momentum principle (z-direction)

Fr = —mv, —mavg,
—?':'lli;'l + Tﬁ;}t}g

=0

y-direction

Fy = mavy, +myuy

Fy = pQave — pQavy
= (2.0 % 1000)(0.1){20) — (2.0 x 1000)(0.5)(15)
= —110kN

Net Force

F = (0i — 11.0j) kN
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Problem 6.64

Situation: A flow in a pipe 15 laminar and fully developed—additional details are
provided 1n the problem statement.

Find: Derive a formula for the resisting shear force (F;) as a function of the parame-

ters D, py.p9. p,and U
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[ APPROACH

Apply the momentum principle, then the continuity principle.

ANALYSIS

Momentum principle (z-direction)

Y F f pv(v - dA)

A —paAs — F. = f;wﬁdﬂ — (pAuy uy

pA—mA—F = —pu}

Integration of momentum outflow term

= Umax(1 = (r/70)*)°
= Upau(1 = (r/70)?)?

o

/pu?mx(l — (r/ro)®) 2mrdr
a
Ty

ey (L /o)) (2 /)
0

To solve the integral, let




The integral becomes

f ousdA = —pul wrd / uldu
Aa 1

+0Umax T
= (2)
Continuity principle

UA = fudA
o

= fum(l — (r/r0)*)2m rdr

o

= —umsxrrrgf(l — (r/r0)*)(=2r/r) dr

i}
= —UnaxTg (1 — (r/70))?/2[5"
= TLHH:TI'T%J:;Z
Therefore
Upnax = 20

Substituting back into Eq. 2 gives

f pusdA = 4pUmrg /3
Az

Finally substituting back into Eq. 1, and letting 1y = U, the shearing force 13 given
by
17/05/2009 Fr=22 [p1 — p2 — (1/3)pU?]




Problem 6.66

Situation: Air flows through a windmill—additional details are provided in the prob-
lem statement.

Find: Thrust on windmill.

| APPROACH

Apply the continuity principle, then the momentum principle.

ANALYSIS

Contimuty principle

v =10 % (3/45)* =444 m/s

Momentum principle (z-direction)

ZFI = vy — vy)
F,

r — 'ﬁ-‘l('b‘g - Ul)
= (1.2)(m/4 x 3%)(10)(4.44 — 10)
F, = —4720 N (acting to the left)

T =472 N (acting to the nght)




Problem 6.69

Situation: Laft and drag forces are being measured on an airfoill that 15 situated 1n a
wind tunnel—additional details are provided in the problem statement.

-

2 m's
10 mif's

1
]
_p-l-

3

©

0.25 12 m's

L

—_— tp, CV. C.5.

Find: (a) Lift force: L
(b) Drag force: D




| APPROACH I

Apply the momentum principle.

ANALYSIS

Momentum principle (z-direction)

NF =) rwy—iiny
—D+p1Ar —prAs = vi(—pviA) + va(praA/2) + ve(pvsA/2)
—DjA P2 — p1 — pvi + pvl/2 + pu; /2

p = pulz=0)=pix=0) =100 Pa, gage
p2 = pule=1) =pi(z=1) =90 Pa, gage

—D/A = 90— 100 + 1.2(—100 + 32 4+ 72)
—D/A ~5.2
D = 52x05°=[13N]|

Momentum principle (y-direction)

Y F=0

2 1
—L+ f peBdx — f puBde = U where B 15 depth of tunnel
1 0

1 1
—L+f (ll}O—10x+2Ux(1—m])0.5dw—/ (100 — 10 — 20a2(1 — 2))0.5dz = 0
0 0

—L +0.5(1002 — 52° + 102 — (20/3)2%)|; — 0.5(1002 — 5% — 102% + (20/3)2%|; = 0

thus,

—L+49167 —45833 = 0
L=53334 N




Problem 6.73

3mls

10-cm
diameter

Plan view

Situation: A cart 1s moving with steady speed—additional details are provided in the
problem statement.

17 mis

l 17T mis

®

Find: Force exerted by the vane on the jet: F




| APPROACH I

Apply the momentum principle.

ANALYSIS

Make the flow steady by referencing all velocities to the moving vane and let the c.v.
move with the vane as shown.

Momentum principle (z-direction)

Fre = mave —rmn
F, = (17%cos45°)(1000)(w/4)(0.1%)/2 — (17)(1000)(17)(7/4)(0.1%)
= 4802 —2270 = —1470 N

Momentum principle (y-direction)

F, = myvy, — g,
(17)(1,000)(sin 45°)(17)(7/4)(0.1%)/2 — (17)*(1000) (7 /4)(0.1*)/2
— —333N

F(water on vane) = (14701 + 333j) N




PrObIem 684 Bypass

Combustor

300 m/s |
—)*ml—)'- ;

Situation: Air flows through a turbofan engine. Inlet mass flow 12 300 kg =.
Bypass ratio 13 2.5. Speed of bypass air 13 600m/ =.
Speed of air that passes through the combustor 15 1000 m/ s.

-
1

i

!

T

Additional details are given 1n the problem statement.
Find: Thrust (T') of the turbofan engine.

Assumptions: Neglect the mass flow rate of the incoming fuel.

U WAW, ALW (I CATCA




| APPROACH I

Apply the continmty and momentum equations.

ANALYSIS

Continuity equation

my =mpg=300ke/s
also

mMp = Miambustor + mbypaas
= Mcombustor + 2-5mcombustnr

mpg — 3-5mcombustor

Thus

) B mp _ 300kg/ s
Meombustor - 35 - 35

= 85 Tlkg/s
Mbypass = TINB — Meombustor
300kg/s —85.Tlkg/s
= 2143ke/s

Momentum equation (x-cirection)

E F, = Z:ﬁwﬂui — MUy,
F-T — [ﬁuﬂ}'puu 1':]-:}'11553 + mcumbuaiur 1"fv;::urnrﬂ:nn..mtu:u-] — Tﬁ,q 1:1
= [(2143kg/=s) (600m/s) + (85.T1kg/s) (1000m/s)] — (300kg/ s} (300 m/ s)
= 124 290N

T = 124 300 N




Problem 6.87

Situation: A rocket with four nozzles 1s described in the problem statement.

Find: Thrust of the rocket (all four nozzles).

| APPROACH I

Apply the momentum prineiple.

ANALYSIS

Momentum principle (z-direction)

> F
T — paAc cos 30 + pe Ae cos 30°
T

Thrust of four engines

T-tntal

17/05/2009

mu.[per engine|
— e cos 30° pre Ae
—1 % 0.866

% (50,000 — 10,000 4+ 0.3 x 2000 x 2000)
—1.074 % 10° N

4% 1.074 % 10°

= 43 %< 10°N

4.3 MN

Dr. Munzer Ebaid

po = 10 kPa
\A{_,Z 1 m2
/ r. =50 kPa
2000 m/s 30°



Problem 6.86

Situation: A toy rocket 1z powered by a Jet of water—additional details are provided
in the problem statement.

Find: Maximum velocity of the rocket.

Assumptions: Neglect hydrostatic pressure; Inlet kinetic pressure 1s neghgible.
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ANALYSIS |
Newtonsz 2 law.

ZF:ma

T—-W = ma

where T =thrust and 11" =weight

T = mu,
v, —mg = mdug/dt
dvr/dt = (T/m)—g

(T/(m; —mt)) — g
((Tdt)/(m; —rit)) — gdt
vg = (=T /m){n(m; —mt) — gt + const.

dv B

where vg = 0 when ¢t = 0. Then

const. = (T/m)In(m;)
vr = (T/m)In((ms)/(m; — ) — gt
Vs = (T/50)In(mi/ms) — gt

T/ = mu./ =7,

Bernoulh equation

(neglecting hydrostatic pressure)
Pi+ 007 /2 = pe + psv2/2

The exit pressure 1s zero (gage) and the mlet kinetic pressure 15 neghgible. So

v o= 2pifps
= 2 x 100 x 10°/998
= 200 m®/s’

ve = 1414 m/s

m = p.UeAe

1000  14.14 % 0.1 % 0.052 x /4
= 277 kg/s

17/05/2009




Time for the water to exhaust:

My [ 17
0.10/2.77
0.036s

14.141n((100 + 50) /50) — (9.81)(0.036)
15.2 m/s|
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Problem 6.99

V=50 ft/s
(@) p = 20 psi 4=0.11t

/
Pipe area """"%)

= 0.6 ft?

.| V=50 fts
A=0.72fte

Situation: Water flows out a pipe with two exit nozzles—additional details are pro-
vided 1n the problem statement.

of

Find: Reaction (Force and Moment) at section 1.
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ANALYSIS

Continuity principle equation

v = (0.1 x50+ 0.2 x 50)/0.6 = 25 ft/s

Momentum equation (z-direction)

Z Fy = mavgy + maveg
F,=—20x% 144 x 06 —1.94 % 252 x 0.6+ 1.94 x 50% % 0.2
+1.94 % 50% % 0.1 % cos60° = —1,243 Ibf

Momentum equation (y-cirection)

EFI" = Th-g’ugy
F, = 194 x50 x50 x0.1 % coz30” =420 Ibf

Moment-of-momentum (z—direction)

romgvay = (36/12)(1.94 % 0.1 x 50)50sin 60° = 1260 ft-Ibf

Reaction at section 1

F = (1243i — 420j)1bf

M = (—1260k) ft-Ibf

305
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